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Abstract. In this paper, we investigate the global behavior of
the dierence equation
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; n = 0;1;:::;
where  is a positive parameter and ,  are non-negative param-
eters and non-negative initial conditions.
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1. Introduction
Consider the higher-order dierence equation
(1) xn+1 =
xn 1
 + 
t P
k=1
x
p
n 2k
t Q
k=1
x
q
n 2k
; n = 0;1;:::
where the parameters,  is positive and ,  are non-negative real numbers
and the initial conditions x 2t;:::;x 2;x 1 and x0 are non-negative real
numbers such that
0 <  + 
t X
k=1
x
p
n 2k
t Y
k=1
x
q
n 2k; n = 0;1;::: :
and if  = 0 the equation xn+1 = 0 is trivial, if  = 0 the equation xn+1 =

xn 1 is linear. We assume that all parameters in equations are positive.
 This article based upon data gathered for the author's master's thesis prepared
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We investigate the global asymptotic behavior and the periodic character
of the solutions of the dierence (1), by generalizing the results due to
El-Owaidy et al. [1] corresponding to the dierence equation
xn+1 =
xn 1
 + x
p
n 2
; n = 0;1;::: :
where the parameters ,  and  are positive real numbers and the initial
conditions x 2, x 1 and x0 are arbitrary non-negative real numbers. Similar
recursive sequences were studied previously; for example, see Refs. [1-22].
We need the following denitions and theorem [23]:
Denition 1. Let I be an interval of the real numbers and let f :
I2t+1  ! I be a continuously dierantiable function. Consider the dierence
equation
(2) xn+1 = f (xn;xn 1;xn 2;:::;xn 2t); n = 0;1;::: :
with x i for i = 0;1;:::;2t 2 I: Let x be the equilibrium point of (2). The
linearized equation of (2) about the equilibrium point x is
(3) yn+1 = c1yn + c2yn 1 + ::: + c2t+1yn 2t; n = 0;1;:::
where
c1 =
@f
@xn
(x;x;:::;x);
c2 =
@f
@xn 1
(x;x;:::;x);
. . .
c2t+1 =
@f
@xn 2t
(x;x;:::;x):
The characteristic equation of (3) is
(4) 2t+1   c12t   :::   c2t 12   c2t   c2t+1 = 0
Denition 2. Let x be an equilibrium point of (2).
(a) The equilibrium x is called locally stable if for every " > 0, there
exists  > 0 such that if x0;:::;x 2t 2 I and jx0   xj++jx 2t   xj < ,
then jxn   xj < ", for all n   2t.
(b) The equilibrium x is called locally asymptotically stable if it is locally
stable and if there exists  > 0 such that if x0;:::;x 2t 2 I and jx0   xj +
 + jx 2t   xj < , then lim
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(c) The equilibrium x is called global attractor if for every x0;:::;x 2t 2
I we have lim
n!1xn = x.
(d) The equilibrium x is called globally asymptotically stable if it is lo-
cally stable and is a global attractor.
Denition 3. A positive semicycle of fxng
1
n= 2t of (2) consists of a
'string' of terms fxl;xl+1;:::;xmg, all greater than or equal to x, with l 
 2t and m < 1 and such that either l =  2t or l >  2t and xl 1 < x and
either m = 1 or m < 1 and xm+1 < x.
A negative semicycle of fxng
1
n= 2t of (2) consists of a 'string' of terms
fxl;xl+1;:::;xmg all less than x; with l   2t and m < 1 and such that
either l =  2t or l >  2t and xl 1  x and either m = 1 or m < 1 and
xm+1  x.
Denition 4. A solution fxng
1
n= 2t of (2) is called nonoscillatory if
there exists N   2t such that either
xn > x or xn < x for 8n  N
and it is called oscillatory if it is not nonoscillatory.
Theorem 1. (i) If all roots of (4) have absolute values less than one,
then the equilibrium point x of (2) is locally asymptotically stable.
(ii) If at least one of the roots of (4) has absolute value greater than one,
then the equilibrium point x of (2) is unstable.
(iii) The equilibrium point x of (2) is called saddle point if (4) has roots
both inside and outside the unit disk.
2. Dynamics of equation (1)
In this section, we investigate the dynamics of (1) under the assumptions
that all parameters in the equation are positive and the initial conditions
are non-negative.
The change of variables xn = (=)
1=qt+p yn reduces (1) to the dierence
equation
(5) yn+1 =
ryn 1
1 + y
q+p
n 2y
q
n 4:::y
q
n 2t + y
q
n 2y
q+p
n 4:::y
q
n 2t + ::: + y
q
n 2y
q
n 4:::y
q+p
n 2t
where r = = > 0 and n = 0;1;::: :
Note that y1 = 0 is always an equilibrium point of (5). When r > 1, (5) also
possesses the unique positive equilibrium y2 =
 r 1
t
1=qt+p
.
Theorem 2. The following statements are true.
(i) If r < 1, then the equilibrium point y1 = 0 of (5) is locally asymptotically
stable.62 M. Emre Erdogan and Cengiz Cinar
(ii) If r > 1, then the equilibrium point y1 = 0 of (5) is a saddle point.
(iii) When r > 1, then the positive equilibrium point y2 =
 r 1
t
1=qt+p
of (5) is
unstable.
Proof. The linearized equation of (5) about the equilibrium point y1 = 0 is
zn+1 = rzn 1; n = 0;1;:::
so, the characteristic equation of (5) about the equilibrium point y1 = 0 is
2t+1   r2t 1 = 0
hence the proof of (i) and (ii) follows Theorem 1.
For (iii) we assume that r > 1; then the linearized equation of (5) about the
equilibrium point y2 =
 r 1
t
1=qt+p
has the form
zn+1 = zn 1  
(qt + p)
t
(r   1)
r
zn 2  
(qt + p)
t
(r   1)
r
zn 4
 :::  
(qt + p)
t
(r   1)
r
zn 2t = 0
where n = 0;1;:::. So the characteristic equation of (5) about the equilibrium
point y2 =
 r 1
t
1=qt+p
is
(6) 2t+1   2t 1 +
(qt + p)
t
(r   1)
r
2t 2 + ::: +
(qt + p)
t
(r   1)
r
= 0:
It is clear that (6) has a root in the interval ( 1; 1) and so y2 =
 r 1
t
1=qt+p
is
an unstable equilibrium point. This completes the proof. 
Theorem 3. Assume that r > 1. Let fyng
1
n= 2t be a solution of (5) such that
(7) y 2t;:::y0  y2 =

r   1
t
1=qt+p
; y 2t+1;:::;y 1 < y2 =

r   1
t
1=qt+p
or
(8) y 2t;:::y0 < y2 =

r   1
t
1=qt+p
; y 2t+1;:::;y 1  y2 =

r   1
t
1=qt+p
Then fyng
1
n= 2t oscillates about y2 =
 r 1
t
1=qt+p
with semicycle of length 1.
Proof. Assume that (7) holds. (The case where (8) holds is similar and will be
omitted.) Then,
y1 =
ry 1
1 + y
q+p
 2 y
q
 4:::y
q
 2t + y
q
 2y
q+p
 4 :::y
q
 2t + y
q
 2y
q
 4:::y
q+p
 2t
<
ry2
1 + ty
qt+p
2
=
ry2
1 + r   1
= y2;
< y2On the dynamics of the recursive sequence ... 63
and
y2 =
ry0
1 + y
q+p
 1 y
q
 3 :::y
q
 2t+1 + y
q
 1y
q+p
 3 :::y
q
 2t+1 + y
q
 1y
q
 3 :::y
q+p
 2t+1

ry2
1 + ty
qt+p
2
=
ry2
1 + r   1
= y2;
 y2
then the proof follows by induction. 
Theorem 4. Assume that r < 1; then the equilibrium point y1 = 0 of (5) is
globally asymptotically stable.
Proof. We know by Theorem 2 that the equilibrium point y1 = 0 of (5) is
locally asymptotically stable. So let fyng
1
n= 2t be a solution of (5). It suces to
show that
lim
n!1
yn = 0
Since
yn+1 =
ryn 1
1 + y
q+p
n 2y
q
n 4:::y
q
n 2t + y
q
n 2y
q+p
n 4:::y
q
n 2t + y
q
n 2y
q
n 4:::y
q+p
n 2t
y2n 1 < rny 1 and y2n < rny0
we have
lim
n!1
yn = 0:
This completes the proof. 
Theorem 5. Assume that r = 1; then (5) possesses the prime period 2 solutions
(9) :::;;	;;	;:::
with  > 0. Furthermore, every solution of (5) converges to a period 2 solution (9)
with   0.
Proof. Let
:::;;	;;	;:::
be a period two solution of (5). Then
 =
r
1 + 	q+p	q :::	q + 	q	q+p :::	q + 	q	q :::	q+p
and
	 =
r	
1 + q+pq :::q + qq+p :::q + qq :::q+p:
So
t	 =
(   	)(r   1)
	qt+p 1   qt+p 1  0;
which implies that r   1  0.
If r < 1, then this implies that  < 0 or 	 < 0, which is impossible, so r = 1.
If r > 1, then this implies that  = 	 =
 r 1
t
1=qt+p
6= 0, which contradicts that64 M. Emre Erdogan and Cengiz Cinar
 6= 	, so r = 1. To complete the proof, assume that r = 1 and let fyng
1
n= 2t be
a solution of (5); then
yn+1   yn 1
=
 yn 1y
q+p
n 2y
q
n 4 :::y
q
n 2t   yn 1y
q
n 2y
q+p
n 4 :::;y
q
n 2t   yn 1y
q
n 2y
q
n 4 :::y
q+p
n 2t
1 + y
q+p
n 2y
q
n 4 :::y
q
n 2t + y
q
n 2y
q+p
n 4 :::;y
q
n 2t + y
q
n 2y
q
n 4 :::y
q+p
n 2t
yn+1   yn 1  0:
So, the even terms of this solution decrease to a limit (say   0) and the odd
terms decrease to a limit (say 	  0). Thus
 =

1 + 	q+p	q:::	q + 	q	q+p :::	q + 	q	q :::	q+p
and
	 =
	
1 + q+pq :::q + qq+p :::q + qq :::q+p;
which implies that
t	qt+p = 0 and t	qt+p = 0:
This completes the proof. 
Theorem 6. Assume that r > 1; then (5) possesses an unbounded solution.
Proof. From Theorem 3, we can assume without loss of generality that the
solution fyng
1
n= 2t of (5) is such that
y2n 1 < y2 =

r   1
t
1=qt+p
and y2n > y2 =

r   1
t
1=qt+p
;
for n  0. Then
y2n+2
=
ry2n
1 + y
q+p
2n 1y
q
2n 3:::y
q
2n 2t+1 + y
q
2n 1y
q+p
2n 3 :::y
q
2n 2t+1 + y
q
2n 1y
q
2n 3 :::y
q+p
2n 2t+1
y2n+2 >
ry2n
1 + (r   1)
= y2n
and
y2n+3 =
ry2n+1
1 + y
q+p
2n y
q
2n 2 :::y
q
2n 2t+2 + y
q
2ny
q+p
2n 2 :::y
q
2n 2t+2 + y
q
2ny
q
2n 2 :::y
q+p
2n 2t+2
y2n+3 <
ry2n+1
1 + (r   1)
= y2n+1
from which it follows that
limn ! 1y2n = 1 and lim
n!1
y2n+1 = 0:
Then, the proof is complete. On the dynamics of the recursive sequence ... 65
References
[1] El-Owaidy H.M., Ahmed A.M., Youssef A.M., The dynamics of recursive
xn+1 =
xn 1
+x
p
n 2, Applied Mathematics Letters, (2005), 1013-1018.
[2] Amleh A.M., Kirk V., Ladas G., On the dynamics of xn+1 =
a+bxn 1
A+Bxn 2,
Math. Sci. Res. Hot-Line, 5(2001), 1-15.
[3] Gibbons C., Kulenovic M., Ladas G., On the reqursive sequence yn+1 =
+yn 1
+yn , Math. Sci. Res. Hot-Line, 4(2)(2000), 1-11.
[4] Kocic V.L., Ladas G., Global Behavior of Nonlinear Dierence Equations
of Higher Order with Applications, Kluwer Academic, Dordrecht, 1993.
[5] Kocic V.L., Ladas G., Rodrigues I., On the rational recursive sequences,
J. Math. Anal. Appl., 173(1993), 127-157.
[6] El-Owaidy H.M., Ahmed A.M., Mousa M.S., On the recursive sequences
xn+1 =
 xn 1
xn , J. Appl. Math. Comput., 145(2003), 747-753.
[7] El-Owaidy H.M., Ahmed A.M., Elsady Z., Global attractivity of the
recursive sequence xn+1 =
 xn 1
+xn , J. Appl. Math. Comput., 151(2004),
827-833.
[8] Stevic S., On the recursive sequence xn+1 =
ax
p
n 2m+1
b+cx
p 1
n 2k
, J. Appl. Math. Com-
put., 21(2006), 223-232.
[9] El-Owaidy H.M., Ahmed A.M., Youssef A.M., On the dynamics of
xn+1 =
bx
2
n 1
A+Bxn 2, Rostock Math Kollog., 59(2005), 3-10.
[10] Hamza A.E., El-Sayed M.A., Stability problem of some nonlinear dierence
equations, Int. T.Math. and Math. Sci., 2(1998), 331-340.
[11] Zhang D.C., Shi B., Gai M.T., A rational recursive sequence, Computers
and Math. with Applications, 41(2001), 301-306.
[12] Chen D., Li X., Dynamics for nonlinear dierence equation xn+1 =
xn k
+x
p
n l
,
Advances in Dierence Equations, 2009, Article ID 235691.
[13] Hamza A.E., Khalaf-Allah R., Global behavior of higher order dierence
equation, J. Math. Stat., 3(1)(2007), 17-20.
[14] Hamza A.E., Khalaf-Allah R., On the recursive sequence xn+1 = A Qk
i=1 xn 2i 1=(B+C
Qk 1
i=1 xn 2i), Comput. Math. Appl., 56(2008), 1726-1731.
[15] El-Metwally H., Qualitative properties of some higher order dierence
equations, Comput. Math. Appl., 58(2009), 686-692.
[16] Yalcinkaya I., Cinar C., On the dynamics of the dierence equation xn+1 =
(axn k)=(b + cxp
n), Fasc. Math., 42(2009), 141-148.
[17] Dehghan M., Rastegar N., On the global behavior of a high-order rational
dierence equation, Comput. Phys. Comm., 180(6)(2009), 873-878.
[18] Battaloglu N., Cinar C., Yalcinkaya I., The dynamics of the dierence
equation xn+1 = (xn k) = ( + x
p
n (k+1)), ARS Combinatoria, 97(2010),
281-288.
[19] L_ I X., Zhu D., Global asymptotic stability for two recursive dierence equa-
tions, Appl. Math. Comput., 150(2)(2004), 481-492.
[20] Yang X., Chen B., Megson G.M., Evans D.J., Global attactivity in a
recursive sequence, Appl. Math. Comput., 158(2004), 667-682.
[21] Erdogan M.E., Cinar C., Yalcinkaya I., On the dynamics of the recursive66 M. Emre Erdogan and Cengiz Cinar
Sentence xn+1 = xn 1= + x2
n 2xn 4 + xn 2x2
n 4, Comput. Math. Appl.,
61(2011), 533-537.
[22] Kulenovic M.R.S., Merino O., Discrete Dynamical Systems and Dierence
Equations with Mathematica, Chapman & Hall / CRC Press, Boca Raton /
London, 2002.
[23] Erdogan M.E., Cinar C., Yalcinkaya I., On the dynamics of the recur-
sive Sequence xn+1 = xn 1= + 
Pt
k=1 xn 2k
Qt
k=1 xn 2k, Math. Comput.
Model., 54(2011) 1481-1485.
M. Emre Erdogan
Selcuk University
Huglu Vocational High School
Beys ehir/Konya/Turkey
e-mail: m emre448@hotmail.com
Cengiz Cinar
Gazi University
Education Faculty
Mathematics Department
Besevler, Ankara, Turkey
e-mail: ccinar25@yahoo.com
Received on 07.02.2012 and, in revised form, on 10.04.2012.